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Symmetry breakdown of conformal symmetry Ichiro Oda
1. Introduction
One of the most important problems in modern particle physics is to understand the origin of
not only the mass of elementary particles but also different mass scales existing in nature. This
understanding is also important for attacking unsolved problems such as the origin of the Higgs
potential, the gauge hierarchy problem and the cosmological constant problem etc.
In order to understand the origin of the mass and various mass scales, it is natural to start with
a theory without intrinsic mass scales and consider how the mass is generated from a massless
world via dynamical symmetry breaking mechanism. At this point, let us recall that the mass, or
equivalently, the energy, couples to a gravitational field through the energy-momentum tensor in a
universal manner, so we are forced to take a gravity into consideration for undertanding the origin
of the mass. Moreover, it is worthwhile to point out that there naturally appears a local or global
scale symmetry in a theory having no intrinsic mass scales. However, since as stressed in [1], global
symmetries are in general against the spirit of general relativity (GR) owing to no-hair theorem of
black holes [2], one should work with a gravitational theory which is invariant under not global but
local scale transformation as well as the general coordinate transformation at very short distances.1
In this article, we therefore would like to consider a problem of how we could generate the
Planck mass scale, beyond which the concept of the space-time does not make sense, by beginning
with conformally invariant gravitational theories. From the success of the standard model (SM) of
elementary particles, we are confident of the existence of at least two mass scales, those are, the
electroweak scale around 102GeV by the Higgs condensation and the QCD scale around 102MeV
by chiral symmetry breaking. These mass scales should be generated via dynamical symmetry
breakings as well after the Planck mass scale is generated.
By the way, which conformally invariant gravitational theory is most interesting from the
geometrical viewpoint? We think that it is a Weyl conformal gravity. About one hundred years ago,
shortly after the advent of GR by Einstein, a conformally invariant extension of GR was proposed
by Weyl on the basis of his conformal geometry, what we call, the Weyl geometry [4, 5].2 The
Weyl geometry is defined as a geometry equipped with a real symmetric metric tensor gµν as in
GR and a symmetric connection Γ˜λµν , which is related to the Christoffel symbol Γ
λ
µν by the relation
Eq. (3.5) as seen shortly. It turns out that the Weyl geometry reduces to the Riemann geometry
when the Weyl gauge field Sµ is vanishing, or more precisely speaking, Sµ is a gradient, i.e., pure
gauge.
In geometrical terms, the Weyl geometry critically differs from the Riemann one in that only
angles, but not lengths, are preserved under parallel transport. To put differently, parallel displace-
ment of a vector field changes its length in such a way that the very notion of lengths becomes
path-dependent. For instance, one can envisage a space traveller, who travels to a distant star and
then returns to the earth, being surprised to know not only that people in the earth have aged much
rather than him as predicted by GR in the Riemann geometry but also that the clock on the rocket
runs at a different rate from those in the earth as understood by Weyl conformal gravity in the Weyl
geometry, what is called, "the second clock problem" [32]. Based on this very striking geometry,
1In this article, we call a global scale symmetry simply scale symmetry while we refer to a local scale transformation
as conformal symmetry by following the terminology of the textbook [3].
2See Ref. [6] for historical review on the Weyl geometry and various related works [7]-[31].
1
Symmetry breakdown of conformal symmetry Ichiro Oda
Weyl has attempted to geometrize the electromagnetic theory in the space-time geometry, but his
attempt has failed since it turned out later that the electromagnetic theory is based on a compact
U(1) gauge group whereas the Weyl geometry deals with conformal symmetry which is essentially
a non-compact Abelian group [5]. Nevertheless, it seems that a Weyl quadratic gravity has recently
revived as a theory predicting an elementary particle constituting dark matter, which is the Weyl
gauge field interacting with only the graviton and the Higgs particle [30].
In Section 2, we present a toy model which shows spontaneous symmetry breakdown (SSB)
of a global scale symmetry [3, 28, 30, 31]. The key idea is that we begin with a scale invariant
scalar-tensor gravity in the Jordan frame and then move to the Einstein frame. In the process of
moving from the Jordan frame to the Einstein frame, we need to introduce a constant with mass
dimension to compensate for the mass dimension of a scalar field, thereby triggering the SSB of the
scale symmetry. But we also point out problems of this SSB [31]. In Section 3, we briefly review
a Weyl’s conformal geometry. In Section 4, we present an action of a quadratic gravity in the
Weyl geometry, for which we calculate the one-loop effective potential in the Coleman-Weinberg
formalism [33] in Section 5. Section 6 is devoted to the conclusion.
2. Spontaneous symmetry breakdown of scale symmetry
There is a well-known mechanism of spontaneous symmetry breakdown of a global scale
symmetry [3, 28, 30, 31]. In this section, we shall briefly review a scale invariant scalar-tensor
gravity with two scalar fields, explain how the scale symmetry is broken spontaneously, and then
point out unsatisfactory points of this SSB mechanism.
As a model of a scale invariant scalar-tensor gravity with two scalar fields, let us work with
the following Lagrangian density in the Jordan frame3:
L =
√−g
(
1
2
ξ φ2R− 1
2
εgµν∂µφ∂νφ − 1
2
gµν∂µΦ∂ν Φ− λ1
4
φ4− λ2
2
φ2Φ2− λ3
4
Φ4
)
, (2.1)
where ξ is a constant, and ε takes the value +1 for φ being a normal field while it does −1 for
φ being a ghost field. Moreover, φ and Φ are two distinct scalar fields, and λi(i = 1,2,3) are
dimensionless coupling constants. As often taken in the application for the BSM [34], we assume
that λ1 > 0,λ3 > 0 and λ2 < 0, and furthermore |λ2| ≪ λ1,λ3 ≈O(0.1). The conformally invariant
scalar-tensor gravity corresponds to either the case of ξ = 1
6
and ε =−1 or the case of ξ =− 1
6
and
ε = 1. In this section, since we consider only a globally scale invariant theory, we assume ξ > 0
and 6+ εξ > 0.
From this Lagrangian density, it is straightforward to derive the field equations for the metric
tensor gµν and the two scalar fields φ ,Φ whose result is written as
2ϕGµν +2(gµν−∇µ∇ν)ϕ = Tµν ,
ξ φR+ εφ −λ1φ3−λ2φΦ2 = 0,
Φ−λ2φ2Φ−λ3Φ3 = 0, (2.2)
3We follow the conventions and notation adopted in the MTW textbook [2].
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where we have defined
ϕ =
1
2
ξ φ2, Gµν = Rµν − 1
2
gµνR, ϕ =
1√−g∂µ(
√−ggµν∂νϕ),
Tµν = ε∂µφ∂ν φ +∂µΦ∂νΦ+gµν
(
−1
2
εgαβ ∂αφ∂β φ −
1
2
gαβ ∂αΦ∂β Φ
− λ1
4
φ4− λ2
2
φ2Φ2− λ3
4
Φ4
)
. (2.3)
Using these field equations, one can derive the following equation:
(ϕ +
ζ 2
2
Φ2) = 0, (2.4)
where we have defined ζ−2 ≡ 6+ ε
ξ
> 0.
The key step for the SSB of scale invariance is to move from the Jordan frame (J-frame) to the
Einstein frame (E-frame) by applying a conformal transformation, i.e., a local scale transformation:
gµν → g′µν = Ω2(x)gµν , φ → φ ′ = Ω−1(x)φ , Φ → Φ′ = Ω−1(x)Φ. (2.5)
After some calculations, we can derive the transformation rule for scalar curvature [3]:
R = Ω2(x)(R′+6′ f −6g′µν fµ fν), (2.6)
where we have defined
f = logΩ, fµ = ∂µ f , 
′ f =
1√−g′ ∂µ(
√
−g′g′µν∂ν f ). (2.7)
Using these relations, we find that the Lagrangian density (2.1) can be cast to the form in a new
conformal frame:
L =
√
−g′
[
1
2
ξ φ ′2(R′+6′ f −6g′µν fµ fν)− 1
2
εΩ−2g′µν∂µ(Ωφ ′)∂ν(Ωφ ′)
− 1
2
Ω−2g′µν∂µ(ΩΦ′)∂ν(ΩΦ′)− λ1
4
φ ′4− λ2
2
φ ′2Φ′2− λ3
4
Φ′4
]
. (2.8)
Moving to the E-frame requires us to choose the scalar field φ ′ to4
φ ′ =
MPl√
ξ
, (2.9)
where MPl is the (reduced) Planck mass defined as MPl =
1√
8piG
= 2.44× 1018GeV with G being
the Newton constant. Then, in the E-frame, up to a total derivative, the Lagrangian density (2.8)
reduces to the form:
L =
√
−g′
(
M2Pl
2
R′− 1
2
g′µν ∂µσ∂νσ − 1
2
g′µνDµΦ′Dν Φ′− λ1
4
M4Pl
ξ 2
− λ2
2
M2Pl
ξ
Φ′2− λ3
4
Φ′4
)
. (2.10)
4In case of conformal symmetry, this condition is called the “Einstein gauge” or “unitary gauge”.
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Here we have defined
Ω(x) = e
ζ
MPl
σ(x)
, DµΦ
′ =
(
∂µ +
ζ
MPl
∂µσ
)
Φ′, (2.11)
where a scalar field σ is called "dilaton".
Now, owing to our assumption λ1 > 0,λ3 > 0 and λ2 < 0, we have a Higgs potential given by
V (Φ′) =
λ3
4
Φ′4+
λ2
2
M2Pl
ξ
Φ′2+
λ1
4
M4Pl
ξ 2
=
λ3
4
(
Φ′2− |λ2|
λ3
M2Pl
ξ
)2
+
1
4
(
λ1− λ
2
2
λ3
)
M4Pl
ξ 2
, (2.12)
which determines a vacuum expectation value (VEV):
〈Φ′〉=
√
|λ2|
λ3
M2Pl
ξ
. (2.13)
Expanding as Φ′ = 〈Φ′〉+ Φ˜′ with Φ˜′ being a quantum fluctuation, we have
L =
√
−g′
[
M2Pl
2
R′− 1
2
g′µν ∂µσ∂νσ − 1
2
g′µν ∂µΦ˜′∂νΦ˜′− 1
2
m2ΦΦ˜
′2
− ζ
MPl
g′µνΦ˜′∂µΦ˜′∂ν σ − ζ
2
2M2Pl
g′µν Φ˜′2∂µσ∂νσ −
√
λ3
2
mΦΦ˜
′3
− λ3
4
Φ˜′4− λ1
4
M4Pl
ξ 2
]
, (2.14)
where we have simplified the equations by using the relation |λ2| ≪ λ1,λ3 ≈ O(0.1) and we have
defined mΦ =
√
2|λ2|
ξ MPl.
As is obvious from (2.14), the SSB of scale symmetry has occurred and as a result the scalar
field Φ˜′ becomes massive while the “dilaton” σ remains massless, which is nothing but a Nambu-
Goldstone field. Also notice that the dilaton couples to the scalar field Φ˜′ with derivatives which is
one of characteristic features of the dilaton. To establish that σ really plays a role of the Nambu-
Goldstone field, it is useful to derive the dilatation current associated with scale invariance, for
which the scale factor Ω becomes a constant independent of the coordinates xµ . It is then conve-
nient to consider an infinitesimal transformation given by
Ω = eΛ, (2.15)
where |Λ| ≪ 1. Using the Lagrangian density (2.1) and the infinitesimal scale transformation (2.5)
with (2.15), we find that via the Noether theorem the dilatation current Jµ reads
Jµ =
1
ζ 2
√−ggµν ∂ν
(
ϕ +
ζ 2
2
Φ2
)
. (2.16)
The dilatation current is certainly conserved
∂µJ
µ =
1
ζ 2
√−g
(
ϕ +
ζ 2
2
Φ2
)
= 0, (2.17)
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where we have used the equation (2.4). In the E-frame, this current can be written as
Jµ =
1
2
√
−g′g′µν
[
2MPl
ζ
∂νσ +
(
∂ν +
2ζ
MPl
∂νσ
)
Φ′2
]
. (2.18)
Provided that one defines the dilatation charge as Q =
∫
d3xJ0, owing to the linear term in σ its
charge fails to annihilate the vacuum |0〉
Q|0〉 6= 0, (2.19)
which shows that the dilaton σ is the Nambu-Goldstone boson arising from the SSB of scale in-
variance.
To close this section, let us summarize the scenario of the SSB explained above and comment
on its problems. We have started with a scale invariant gravitational theory involving two kinds of
scalar fields and only dimensionless coupling constants. In the process of moving from the J-frame
to the E-frame, we had to introduce a dimensional constant, which is the Planck mass in the present
context, to compensate for the mass dimension of the scalar field. This introduction of the Planck
mass has triggered the SSB of scale symmetry. Let us note that in the conventional scenario of the
SSB, there is a potential inducing the SSB whereas we have no such a potential in the SSB under
consideration. Nevertheless, the very presence of a solution with dimensional constants justifies the
claim that the present scenario of the SSB is also nothing but a spontaneous symmetry breakdown.
Actually, this fact was explicitly verified by the dilatation charge, which does not annihilate the
vacuum due to the presence of a linear dilaton.
There are, however, at least two problems in this scenario of the SSB. First, it is impossible
to apply this scenario for the conformally invariant scalar-tensor gravity, for which we must take
either ξ = 1
6
and ε = −1 or ξ = − 1
6
and ε = 1, due to ζ−2 ≡ 6+ εξ = 0. The second problem
arises from the lack of the suitable potential in the sense that we cannot single out a solution
realizing the SSB on the stability argument [3]. Incidentally, though it might be possible that the
cosmological argument would pick up an appropriate VEV of a scalar field, it is not plausible that
the macroscopic physics like cosmology could determine a microscopic configuration such as the
VEV. These two problems have been recently studied in Ref. [31].
3. Review of Weyl conformal geometry
We briefly review the basic concepts and definitions of the Weyl conformal geometry. In the
Weyl geometry, the Weyl gauge transformation, which is the sum of a local scale transformation
for a generic field Φ(x) and a gauge transformation for the Weyl gauge field Sµ(x), is defined as
Φ(x)→ Φ′(x) = ewΛ(x)Φ(x), Sµ(x)→ S′µ(x) = Sµ(x)−
1
f
∂µΛ(x), (3.1)
where w is called the “Weyl weight”, or simply “weight” henceforth, f is the coupling constant for
the non-compact Abelian gauge group, and Λ(x) is a local parameter for the Weyl transformation.
The Weyl gauge transformation for various fields is explicitly given by
gµν(x) → g′µν(x) = e2Λ(x)gµν(x), φ(x)→ φ ′(x) = e−Λ(x)φ(x),
ψ(x) → ψ ′(x) = e− 32Λ(x)ψ(x), Aµ(x)→ A′µ(x) = Aµ(x), (3.2)
5
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where gµν(x), φ(x), ψ(x) and Aµ(x) are the metric tensor, scalar, spinor, and electromagnetic gauge
fields, respectively. The covariant derivative Dµ for the Weyl gauge transformation for a generic
field Φ(x) of weight w is defined as
DµΦ ≡ ∂µΦ+w f SµΦ, (3.3)
which transforms covariantly under the Weyl transformation:
DµΦ → (DµΦ)′ = ewΛ(x)DµΦ. (3.4)
The Weyl geometry is defined as a geometry with a real symmetric metric tensor gµν(= gν µ)
and a symmetric connection Γ˜λµν(= Γ˜
λ
ν µ) which is defined as
5
Γ˜λµν =
1
2
gλρ
(
Dµgνρ +Dνgµρ −Dρgµν
)
= Γλµν + f
(
Sµδ
λ
ν +Sνδ
λ
µ −Sλ gµν
)
, (3.5)
where
Γλµν ≡
1
2
gλρ
(
∂µgνρ +∂νgµρ −∂ρgµν
)
, (3.6)
is the Christoffel symbol in the Riemann geometry. The most important difference between the
Riemann geometry and the Weyl one lies in the fact that in the Riemann geometry the metric
condition is satisfied
∇λ gµν ≡ ∂λ gµν −Γρλ µgρν −Γ
ρ
λνgµρ = 0, (3.7)
while in the Weyl geometry we have
∇˜λ gµν ≡ ∂λ gµν − Γ˜ρλ µgρν − Γ˜
ρ
λνgµρ =−2 f Sλ gµν , (3.8)
where ∇µ and ∇˜µ are covariant derivatives for diffeomorphisms in the Riemann and Weyl geome-
tries, respectively. Since the metric condition (3.7) implies that both length and angle are preserved
under parallel transport, Eq. (3.8) shows that only angle, but not length, is preserved by the Weyl
connection.
The general covariant derivative for both diffeomorphisms and the Weyl gauge transformation,
for instance, for a covariant vector of weight w, is defined as
DµVν ≡ DµVν − Γ˜ρµνVρ
= ∇˜µVν +w f SµVν
= ∇µVν +w f SµVν − f (Sµδ ρν +Sνδ ρµ −Sρgµν)Vρ
= ∂µVν +w f SµVν −ΓρµνVρ − f (Sµδ ρν +Sνδ ρµ −Sρgµν)Vρ . (3.9)
One can verify that using the general covariant derivative, the following metric condition is satis-
fied:
Dλ gµν = 0. (3.10)
5We often use the tilde characters to express quantities belonging to the Weyl geometry.
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Moreover, under the Weyl gauge transformation the general covariant derivative for a generic field
Φ of weight w transforms in a covariant manner as desired:
DµΦ → (DµΦ)′ = ewΛ(x)DµΦ, (3.11)
because the Weyl connection is invariant under the Weyl gauge transformation, i.e., Γ˜
′ρ
µν = Γ˜
ρ
µν .
As in the Riemann geometry, in the Weyl geometry one can also construct a Weyl invariant
curvature tensor R˜µνρ
σ via a commutator of the covariant derivative ∇˜µ
[∇˜µ , ∇˜ν ]Vρ = R˜µνρ
σVσ . (3.12)
Calculating this commutator, one finds that
R˜µνρ
σ = ∂ν Γ˜
σ
µρ −∂µΓ˜σνρ + Γ˜αµρ Γ˜σαν − Γ˜ανρΓ˜σαµ
= Rµνρ
σ +2 f
(
δ σ[µ∇ν ]Sρ −δ σρ ∇[µSν ]−gρ [µ∇ν ]Sσ
)
+ 2 f 2
(
S[µδ
σ
ν ]Sρ −S[µgν ]ρSσ +δ σ[µgν ]ρSα Sα
)
, (3.13)
where Rµνρ
σ is the curvature tensor in the Riemann geometry, and we have defined the antisym-
metrization by the square bracket, e.g., A[µBν ] ≡ 12(AµBν −AνBµ). Then, it is straightforward to
prove the following identities:
R˜µνρ
σ =−R˜ν µρ σ , R˜[µνρ ] σ = 0, ∇˜[λ R˜µν ]ρ σ = 0. (3.14)
The curvature tensor R˜µνρ
σ has 26 independent components, twenty of which are possessed by
Rµνρ
σ and six by the Weyl invariant field strength Hµν ≡ ∂µSν −∂νSµ .
From R˜µνρ
σ one can define a Weyl invariant Ricci tensor:
R˜µν ≡ R˜µρν ρ
= Rµν + f
(−2∇µSν −Hµν −gµν∇α Sα)
+ 2 f 2
(
SµSν −gµνSα Sα
)
. (3.15)
Let us note that
R˜[µν ] ≡
1
2
(R˜µν − R˜ν µ) =−2 f Hµν . (3.16)
Similarly, one can define a not Weyl invariant but Weyl covariant scalar curvature:
R˜ ≡ gµν R˜µν = R−6 f ∇µSµ −6 f 2SµSµ . (3.17)
One finds that under the Weyl gauge transformation, R˜→ R˜′ = e−2Λ(x)R˜ while Γ˜λµν , R˜µνρ σ and R˜µν
are all invariant.
Even in the Weyl geometry, it is possible to write out a generalization of the Gauss-Bonnet
topological invariant which can be described as
IGB ≡
∫
d4x
√−gε µνρσεαβγδ R˜µν αβ R˜ρσ γδ
= −2
∫
d4x
√−g (R˜µνρσ R˜ρσ µν −4R˜µν R˜ν µ + R˜2−12 f 2HµνHµν)
= −2
∫
d4x
√−g (RµνρσRµνρσ −4RµνRµν +R2) . (3.18)
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We close this section by discussing a spinor field as an example of matter fields in the Weyl
geometry [13, 14]. As is well known, to describe a spinor field it is necessary to introduce the
vierbein eaµ , which is defined as
gµν = ηabe
a
µe
b
ν , (3.19)
where a,b, · · · are local Lorentz indices taking 0,1,2,3 and ηab = diag(−1,1,1,1).
Now the metric condition (3.10) takes the form
Dµe
a
ν ≡ Dµeaν + ω˜a bµebν − Γ˜ρµνeaρ = 0, (3.20)
where the general covariant derivative is extended to include the local Lorentz transformation
whose gauge connection is the spin connection ω˜a bµ of weight 0 in the Weyl geometry, and
Dµe
a
ν = ∂µe
a
ν + f Sµe
a
ν since the vierbein e
a
µ has weight 1. Solving the metric condition (3.20)
leads to the expression of the spin connection in the Weyl geometry
ω˜abµ = ωabµ + f e
c
µ(ηacSb−ηbcSa), (3.21)
where ωabµ is the spin connection in the Riemann geometry and we have defined Sa ≡ eµa Sµ . Then,
the general covariant derivative for a spinor field Ψ of weight − 3
2
reads
DµΨ = DµΨ+
i
2
ω˜abµS
abΨ, (3.22)
where DµΨ = ∂µΨ− 32 f SµΨ and the Lorentz generator Sab for a spinor field is defined as Sab =
i
4
[γa,γb]. Here we define the gamma matrices to satisfy the Clifford algebra {γa,γb} = −2ηab.
Since the spin connection ω˜a bµ has weight 0, the covariant derivative DµΨ transforms covariantly
under the Weyl gauge transformation
DµΨ→ (DµΨ)′ = e− 32Λ(x)DµΨ. (3.23)
Then, the Lagrangian density for a massless Dirac spinor field is of form
L =
i
2
e eµa (Ψ¯γ
a
DµΨ−DµΨ¯γaΨ), (3.24)
where e ≡√−g,Ψ¯≡ Ψ†γ0, and DµΨ¯ is given by
DµΨ¯ = DµΨ¯− Ψ¯ i
2
ω˜abµS
ab
. (3.25)
Inserting Eqs. (3.22) and (3.25) to the Lagrangian density (3.24), we find that
L =
i
2
e
[
eµa
(
Ψ¯γa∂µΨ−∂µΨ¯γaΨ+ i
2
ωbcµ Ψ¯{γa,Sbc}Ψ
)
+
i
2
f (ηabSc−ηacSb)Ψ¯{γa,Sbc}Ψ
]
. (3.26)
The last term identically vanishes owing to the relation
{γa,Sbc}=−εabcdγ5γd , (3.27)
8
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where we have defined as γ5 = iγ
0γ1γ2γ3 and ε0123 =+1. Thus, as is well known, the Weyl gauge
field Sµ does not couple minimally to a spinor field Ψ. Technically speaking, it is the absence of
imaginary unit i in the covariant derivative DµΨ = ∂µΨ− 32 f SµΨ that induced this decoupling of
the Weyl gauge field from the spinor field. Without the imaginary unit, the terms including the
Weyl gauge field cancel out each other in Eq. (3.24). In a similar manner, we can prove that the
Weyl gauge field does not couple to a gauge field either such as the electromagnetic potential Aµ .
On the other hand, the Weyl gauge field can couple to a scalar field such as the Higgs field as
well as a graviton. In such a situation, we cannot help identifying the Weyl gauge field with an
elementary particle that constitutes dark matter. It seems that the Weyl gauge theory was rejected
as a unified theory of gravitation and electromagnetism but it has revived as a geometrical theory
which predicts the existence of dark matter.
4. Quadratic gravity in Weyl geometry
In this section, we will present a gravitational theory on the basis of the Weyl geometry out-
lined in the previous section. It is of interest to notice that if only the metric tensor is allowed to use
for the construction of a gravitational action, the action invariant under the Weyl transformation
must be of form of quadratic gravity, but not be of the Einstein-Hilbert type. Using the topological
invariant (3.18), one can write out a general action of quadratic gravity, which is invariant under
the Weyl transformation, as follows:
SQG =
∫
d4x
√−g
[
− 1
2ξ 2
C˜µνρσC˜
µνρσ +
λ
4!
R˜2
]
≡
∫
d4x
√−gLQG, (4.1)
where ξ and λ are dimensionless coupling constants. And a generalization of the conformal tensor,
C˜µνρσ , in the Weyl geometry is defined as in Cµνρσ in the Riemann geometry:
C˜µνρσ ≡ R˜µνρσ − 1
2
(
gµρ R˜νσ +gνσ R˜µρ −gµσ R˜νρ −gνρ R˜µσ
)
+
1
6
(
gµρgνσ −gµσ gνρ
)
R˜
= Cµνρσ + f
[
−gρσ Hµν + 1
2
(
gµρHνσ +gνσ Hµρ −gµσ Hνρ −gνρHµσ
)]
. (4.2)
This conformal tensor in the Weyl geometry has the following properties:
C˜µνρσ =−C˜ν µρσ , C˜µνρ ν = 0, C˜µνρ ρ =−4 f Hµν . (4.3)
Next, by introducing a scalar field φ and using the classical equivalence, let us rewrite R˜2 in the
action (4.1) in the form of the scalar-tensor gravity plus λφ4 interaction [25, 27] whose Lagrangian
density takes the form
1√−gLQG = −
1
2ξ 2
C˜µνρσC˜
µνρσ +
λ
12
φ2R˜− λ
4!
φ4
= − 1
2ξ 2
C˜µνρσC˜
µνρσ +
1
12
φ2R˜− λφ
4!
φ4
= − 1
2ξ 2
CµνρσC
µνρσ +
1
12
φ2R− λφ
4!
φ4− 3 f
2
ξ 2
H2µν
− 1
2
φ2( f ∇µS
µ + f 2SµS
µ), (4.4)
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where in the second equality we have redefined
√
λφ → φ and set λ = 1λφ . It is straightforward
to write down a standard model (SM) or physics beyond the standard model (BSM) action which
is invariant under the Weyl transformation, but we will omit to do it in this article and present the
detail in a separate publication.
5. Emergence of Planck scale
At low energies, general relativity (GR) describes various gravitational and astrophysical phe-
nomena neatly, so the Weyl invariant Lagrangian density (4.4) of quadratic gravity should be re-
duced to that of GR at low energies. To do that, we need to break the Weyl symmetry at any rate
by some method. One method is to appeal to the procedure of spontaneous symmetry breakdown
(SSB) explained in terms of a toy model in Section 2. However, as emphasized there, since there
is no potential to induce this SSB in the theory, we have no idea which solution we should pick up
among many of configurations from the stability argument.
The other simple procedure is to take a gauge condition for the Weyl transformation such that
φ = φ0 where φ0 is a certain constant [14, 15, 21, 25, 27]. However, φ0 is a free parameter which
is not fixed from the stability argument of the potential either so it is not clear why we choose a
specific value φ0 ∼ MPl.
In this article, we would like to look for an alternative possibility by considering a conformally
invariant gravitational theory where the scalar field φ acquires a vacuum expectation value (VEV)
as a result of instabilities in the full quantum theory including quantum corrections from gravity.
It is natural to conjecture that quantum gravity plays a role in generating the Planck mass scale
dynamically since effects of quantum gravity are more dominant than the other interactions around
the Planck mass. Technically speaking, what we expect is that after quantum corrections of grav-
itational fields are taken into consideration the effective potential has a form favoring the specific
VEV, φ0 ∼ MPl [1, 26, 28].
To this aim, let us first expand the scalar field and the metric around a classical field φc and a
flat Minkowski metric ηµν like [1, 26, 28]
φ = φc +ϕ , gµν = ηµν +ξ hµν , (5.1)
where we take φc to be a constant since we are interested in the effective potential depending on the
constant φc. Next, since we wish to calculate the one-loop effective potential, we will derive only
quadratic terms in quantum fields from the classical Lagrangian density (4.4). Then, the Lagrangian
density corresponding to the conformal tensor squared takes the form
LC ≡− 1
2ξ 2
√−gCµνρσCµνρσ =−1
4
hµν P
(2)
µν ,ρσ
2hρσ , (5.2)
where P
(2)
µν ,ρσ is the projection operator for spin-2 modes
6 and ≡ η µν∂µ∂ν . In a similar manner,
the Lagrangian density corresponding to the scalar-tensor gravity in Eq. (4.4) reads
LST ≡
√−g 1
12
φ2R
=
1
48
ξ 2φ2c h
µν
(
P
(2)
µν ,ρσ −2P(0,s)µν ,ρσ
)
hρσ − 1
6
ξ φcϕ
(
ηµν − 1

∂µ∂ν
)
hµν . (5.3)
6We follow the definition of projection operators in [35, 36].
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The remaining Lagrangian density can be evaluated in a similar way and consequently all the
quadratic terms in (4.4) are summarized to
LQG =
1
4
hµν
[(
−+ 1
12
ξ 2φ2c
)
P
(2)
µν ,ρσ −
1
6
ξ 2φ2c P
(0,s)
µν ,ρσ
]
hρσ
− 1
6
ξ φcϕ
(
ηµν − 1

∂µ∂ν
)
hµν − λφ
4
φ2c ϕ
2− λφ
12
ξ φ3c hϕ +
1
96
λφ ξ
2φ4c h
2
µν
− 1
192
λφ ξ
2φ4c h
2− 1
4
H ′ 2µν −
1
24
ξ 2φ2c S
′
µS
′µ − 1
2
ϕϕ , (5.4)
where we have defined h = η µνhµν and set S
′
µ =
2
√
3 f
ξ (Sµ − 1f φc ∂µϕ) and H ′µν = ∂µS′ν −∂νS′µ . In
what follows, we will assume that
λφ ∝ ξ
4 ≪ 1, (5.5)
and drop all the terms involving λφ . We will prove later that our assumption (5.5) is self-consistent
and there are no large logarithms.
At this point, it is convenient to use the York decomposition for the metric fluctuation field
hµν [37]:
hµν = h
T T
µν +∂µξν +∂νξµ +∂ν∂νσ −
1
4
ηµνσ +
1
4
ηµνh
= hT Tµν +∂µξν +∂νξµ +∂ν∂νσ +
1
4
θµνs+
1
4
ωµν w, (5.6)
where hT Tµν is both transverse and traceless, and ξµ is transverse:
∂ µhTTµν = η
µνhT Tµν = ∂
µξ = 0. (5.7)
Moreover, we have defined
s = h−σ , w = h+3σ , θµν = ηµν − 1

∂µ∂ν , ωµν =
1

∂µ∂ν . (5.8)
One advantage of the York decomposition (5.6) is that each term corresponds to the degree of
freedom with the definite spin as seen in the following relations:
P
(2)ρσ
µν hρσ = h
TT
µν , P
(1)ρσ
µν hρσ = ∂µξν +∂νξµ ,
P
(0,s)ρσ
µν hρσ =
1
4
θµνs, P
(0,w)ρσ
µν hρσ =
1
4
ωµνw. (5.9)
Using these relations and our assumption (5.5), the Lagrangian density (5.4) reads
LQG =
1
4
hTT µν(−+m2)hT Tµν −
1
2
ϕ ′ϕ ′− 1
4
H ′ 2µν −
m2
2
S′µS
′µ
, (5.10)
where we have put m2 = 1
12
ξ 2φ2c and ϕ
′ = ϕ −
√
3m
4
s.
Now let us calculate the functional Jacobian associated with the change of variables, hµν →
(hT Tµν ,ξµ ,s,w). To do that, we will use the relation [38]
1=
∫
Dhµν e
−G (h,h)
, (5.11)
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where G (h,h) is an inner product in the space of symmetric rank-2 tensors:
G (h,h) =
∫
d4x(hµν h
µν +
a
2
h2)
=
∫
d4x
[
(hT Tµν )
2−2ξµξ µ + 3(3a+2)
32
s′2+
2a+1
8(3a+2)
w2
]
, (5.12)
where a is an arbitrary constant and we have defined s′ = s+ 3
3a+2w. Thus, the functional Jacobian
J which is defined as
Dhµν = JDh
T T
µν DξµDs
′
Dw, (5.13)
is given by
J = (det ξ)
1
2 . (5.14)
Next let us set up the gauge-fixing conditions. For diffeomorphisms and the Weyl transforma-
tion, we adopt gauge conditions, respectively
∂ ν hµν =ξµ +
1
4
∂µw = 0, ∂µS
′µ = 0. (5.15)
The corresponding FP ghost terms are respectively calculated to
det∆
(GCT )
FP = det(δ
ν
µ +∂µ∂
ν), det∆
(Weyl)
FP = det(). (5.16)
Then, the partition function of the present theory is given by
Z[φc] =
∫
DgµνDφDSµ det∆
(GCT )
FP det∆
(Weyl)
FP δ (∂
ν hµν)δ (∂µS
′µ)
× exp i
∫
d4x
[
1
4
hT T µν(−+m2)hT Tµν −
1
2
ϕ ′ϕ ′− 1
4
H ′ 2µν −
m2
2
S′µS
′µ
]
=
∫
DhT Tµν DξµDs
′
DwDϕ ′DS′µ(det ξ)
1
2 det(δ νµ +∂µ∂
ν)det()
× δ (ξµ + 1
4
∂µw)δ (∂µS
′µ)exp i
∫
d4x
[
1
4
hT T µν(−+m2)hT Tµν
− 1
2
ϕ ′ϕ ′− 1
2
S′µ(−+m2)S′µ +
1
2
∂µS
′µ)2
]
=
det(δ νµ +∂µ∂
ν)det()
(det ξ)
1
2 (detϕ ′)
1
2 (det hT T (−+m2))
1
2 (det S′(−+m2)) 12
. (5.17)
Using the partition function (5.17), we can evaluate the one-loop effective action by integrating
out quantum fluctuations. Then, up to a classical potential, recalling the definition m2 = 1
12
ξ 2φ2c ,
the effective action Γ[φc] reads
Γ[φc] =−i logZ[φc] = i5+3
2
logdet
(
−+ 1
12
ξ 2φ2c
)
. (5.18)
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Here some remarks are in order. First, in this expression, the factors 5 and 3 come from the fact
that a massive spin-2 state and a massive spin-1 Weyl gauge field possess five and three physical
degrees of freedom, respectively. Second, let us note that we have ignored the part of the effective
action which is independent of φc since it never gives us the effective potential for φc.
To calculate Γ[φc], we will proceed step by step: First, let us note that Γ[φc] can be rewritten
as follows:
Γ[φc] = 4iTr log
(
−+ 1
12
ξ 2φ2c
)
= 4i
∫
d4x〈x| log
(
−+ 1
12
ξ 2φ2c
)
|x〉
= 4i
∫
d4x
∫
d4k
(2pi)4
〈x| log
(
−+ 1
12
ξ 2φ2c
)
|k〉〈k|x〉
= 4i(V T )
∫
d4k
(2pi)4
log
(
k2+
1
12
ξ 2φ2c
)
= 4(V T )
Γ(− d
2
)
(4pi)
d
2
(
1
12
ξ 2φ2c
) d
2
, (5.19)
where (V T ) denotes the space-time volume and in the last equality we have used the Wick rotation
and the dimensional regularization.
Next, let us evaluate the Γ[φc] in terms of the modified minimal subtraction scheme. In this
scheme, the 1ε poles (where ε ≡ 4−d) together with the Euler-Mascheroni constant γ and log(4pi)
are subtracted and then replaced with logM2 where M is an arbitrary mass parameter which is
introduced to make the final equation dimensionally correct [39]. By subtracting the 1ε pole, (5.19)
is reduced to the form
− 1
V T
Γ[φc] = −4
Γ(2− d
2
)
d
2
(d
2
−1)
1
(4pi)
d
2
(
1
12
ξ 2φ2c
) d
2
= − 4
2(4pi)2
(
1
12
ξ 2φ2c
)2[
2
ε
− γ + log(4pi)− log
(
1
12
ξ 2φ2c
)
+
3
2
]
→ 2
(4pi)2
(
1
12
ξ 2φ2c
)2[
log
(
ξ 2φ2c
12M2
)
− 3
2
]
. (5.20)
Then, the one-loop effective potential will be of form7
V
(1)
e f f (φc) = c1+ c2φ
2+
1
1152pi2
ξ 4φ4c log
(
φ2c
c3
)
, (5.21)
where ci(i = 1,2,3) are constants to be determined by the renormalization conditions:
V
(1)
e f f
∣∣∣
φc=0
=
d2V
(1)
e f f
dφ2c
∣∣∣∣∣∣
φc=0
=
d4V
(1)
e f f
dφ4c
∣∣∣∣∣∣
φc=µ
= 0, (5.22)
7At first sight, the existence of the c2φ
2 might appear to be strange, but this term in fact emerges in the cutoff reg-
ularization. Note that the only logarithmically divergent term, but not quadratic divergent one, arises in the dimensional
regularization.
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where µ is the renormalization mass. As a result, we have the one-loop effective potential
V
(1)
e f f (φc) =
1
1152pi2
ξ 4φ4c
(
log
φ2c
µ2
− 25
6
)
. (5.23)
Finally, by adding the classical potential we can arrive at the effective potential in the one-loop
approximation
Ve f f (φc) =
λφ
4!
φ4c +
1
1152pi2
ξ 4φ4c
(
log
φ2c
µ2
− 25
6
)
. (5.24)
It is easy to see that this effective potential has a minimum at φc = 〈φ〉 away from the origin
where the effective potential, Ve f f (〈φ〉), is negative. Since the renormalization mass µ is arbitrary,
we will choose it to be the actual location of the minimum, µ = 〈φ〉 [33]:
Ve f f (φc) =
λφ
4!
φ4c +
1
1152pi2
ξ 4φ4c
(
log
φ2c
〈φ〉2 −
25
6
)
. (5.25)
Since φc = 〈φ〉 is defined to be the minimum of Ve f f , we deduce
0 =
dVe f f
dφc
∣∣∣∣
φc=〈φ〉
=
(
λφ
6
− 11
864pi2
ξ 4
)
〈φ〉3, (5.26)
or equivalently,
λφ =
11
144pi2
ξ 4. (5.27)
This relation is similar to λ = 33
8pi2
e4 in case of the scalar QED in Ref. [33], so as in that paper, the
perturbation theory holds for very small ξ as well.
The substitution of Eq. (5.27) into Ve f f in (5.25) leads to
Ve f f (φc) =
1
1152pi2
ξ 4φ4c
(
log
φ2c
〈φ〉2 −
1
2
)
. (5.28)
Thus, the effective potential is now parametrized in terms of ξ and 〈φ〉 instead of ξ and λφ ; it is
nothing but the well-known "dimensional transmutation" , i.e., a dimensionless coupling constant
λφ is traded for a dimensional quantity 〈φ〉 via symmetry breakdown of the local Weyl symmetry.
Hence, from the classical Lagrangian density (4.4) of quadratic gravity, via dimensional trans-
mutation, the Einstein-Hilbert term for GR is induced in such a way that the Planck mass MPl is
given by
M2Pl =
1
6
〈φ〉2. (5.29)
At the same time, the Weyl gauge field becomes massive by ’eating’ the scalar graviton s and a part
of the dilaton ϕ whose magnitude of mass is given
m2S =
1
12
ξ 2〈φ〉2 = 1
2
ξ 2M2Pl. (5.30)
As long as the perturbation theory is concerned, the coupling constant ξ must take a small value,
ξ ≪ 1. At the low energy region satisfying E ≪mS, we can integrate over the massive Weyl gauge
field, and consequently not only we would have GR with the SM but also the second clock effect
has no physical effects at low energies.
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6. Conclusions
Shortly after Einstein constructed general relativity (GR) in 1915, Weyl has advocated a gen-
eralization in that the very notion of length becomes path-dependent. In Weyl’s theory, even if
the lightcones retain the fundamental role as in GR, there is no absolute meaning of scales for
space-time, so the metric is defined only up to proportionality. It is this property that we have a
scale symmetry prohibiting the appearance of any dimensionful parameters and coupling constants
in the Weyl theory. The main complaint against the Weyl’s idea is that it inevitably leads to the
so-called "second clock effect": The rate where any clock measures would depend on its history.
Since the second clock effect has not been observed by experiments, the Weyl theory might make
no sense as a classical theory.8
However, viewed as a quantum field theory, the Weyl theory is a physically consistent theory
and provides us with a natural playground for constructing conformally invariant quantum field
theories as shown in this article.9 Requiring the invariance under Weyl transformation is so strong
that only quadratic curvature terms are allowed to exist in a classical action, which should be
contrasted with the situation of GR where any number of curvature terms could be in principle the
candidate of a classical action only ifs we require the action to be invariant under diffeomorphisms.
Of course, we have a serious problem to be solved in future; the problem of unitarity. The lack
of perturbative unitarity is a common problem in the higher derivative gravity like the Weyl theory
[43, 44, 45]. However, it is expected that the Weyl gravity, whose Lagrangian density is of form,√−gC2µνρσ , is asymptotically free, and the issue of the perturbative unitarity is closely relevant to
infrared dynamics of asymptotic fields, so this problem becomes to be quite nontrivial. Provided
that we can confine the ghosts in the Weyl theory like in QCD, we would be free of the perturbative
unitarity.
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